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Abstract 

Three-photon annihilation of the electron-positron pairs (= (e^, e^)— pairs) is considered in 
the electron rest frame. The energy of the incident positron can be arbitrary. The analytical 
expression for the cross-section of three-photon annihilation of the (e~, e"*")— pair has been derived 
and investigated. 
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In this work we discuss three-photon annihilation of the electron-positron pairs (or 
(e~, e^)— pairs, for short). Annihilation of the (e~,e^)— pair is considered in the electron 
rest frame. The non-relativistic limit for the three-photon annihilation rate T^^ was obtained 
long ago [l| - (see also ^\ and Js]). In our earlier work 6| we considered three-photon 
annihilation of the electron-positron at arbitrary energies of the colliding particles. How- 
ever, due to a number of reasons the closed expression for the three-photon annihilation 
cross-section was not derived in 6|. In this study we want to make the final step in our 
consideration of the three-photon annihilation and obtain the closed analytical formula for 
the cross-section of the three-photon annihilation. The analysis of this process is performed 
in the electron rest frame, while the energy of the incident positron can be arbitrary. 

The principal conservation law in the case of three-photon annihilation of the free 
(e~, e"*")— pair is 

Pi+P2 = ki + k2 + h (1) 

where pi and p2 are the 4-vectors of electron and positron momenta, respectively. For these 
two particles we always have pi = and P2 = , where m is the electron / positron mass 
(see, e.g., In the electron rest frame pi = (i?i,0) = (m, 0). In Eq.([T]) the three four- 
vectors ki,k2, ^3 designate the 4-vectors of photon momenta. Here and below ki = (cuj, kj). 
For the real photons one finds kf = (so-called on-shell condition) and = [i = 1, 2, 
3). 

According to the rules of QED, the corresponding S*— matrix element (Sfi) in the mo- 
mentum space is 



(4^)3 



% = J^^(27t)'5\p,+P2 -k,-k2- k,)Mf, (2) 



where e is the electron charge, while V is the finite normalization volume, Ei and E2 are 
the energies of the incident electron and positron, respectively. Also, in this equation Ui 
[i = 1, 2, 3) are the three frequencies/energies of the emitted photons. The notation Mfi 
designates the matrix element which corresponds to the Feynman diagram of the three- 
photon annihilation (see, e.g., the diagram presented in $ 89 of j?!). The explicit form of 
the matrix element Mfi is 



Mfi = IV 



11 11 

£3 ; ; £2 ; Ci + £2 ; ; £3 ; ei + • • • 

Pi — ki — k2 — m pi — ki — m pi — ki — k^ — m pi — ki — m 

(3) 
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Pi — Hj — Ki — m pi — ki — m 
where I) = (1, 2, 3). The v and u are the positron and electron bi-spinors, respectively, 

while ki and {i = 1, 2, 3) are the momentum and polarization of the i— th photon. The 

total number of terms in the amplitude M equals six. Each of these six terms in Eq.([n]) can 

be transformed in the following way, e.g., for the first term 

1 1 



-ei + ... 



u 



M- 



321 



£3 



Pi — ki — k2 — m pi — ki — m 



-ei 



u 



A 



e^ipi + ki + k2 + m)e2X (4) 



(Pi -ki + m)ei 



u 



A^2lV 



where 



A 



e3(-P2 + k^ + m)€2{pi - ki + m)ei 



1 



u 



A{p, ■ k,){p2 ■ k^) 

Here and below, all matrix elements Mijk and normalization factors Aijk are designated with 
the use of three photon indexes which are uniformly related to the corresponding photon 
lines on Feynman diagram (by reading them from the left to the right). 
The cross-section of the three-photon annihilation is 



da 



I Sfi d?ki Sk2 ,.d^k^ 



TV I V 



-V 



:V 



V- 



(27r)3 (2^)3 (27r)3 



(6) 



(An) 



'—^ J S^{pi +P2-ki-k2-kj, 



M 



d^ki d^k2 d^k^ 



(27r)5 E,E2 I V I i " '"^^ ' ' ' 2uji 2uj2 2uj^ 

where in our present case v = ^ is the velocity of incoming positron, while T designates 

a finite (but very large) time. To finish these calculations one needs to obtain the closed 

analytical formulas for the Mfi matrix element. In general, such calculations is not an easy 

task. However, to simplify these calculations and final expressions for the amplitudes M321 

and Mijk one can introduce a few additional conditions on the photon polarization 4- vectors 

Ci [i = 1, 2, 3). Below we shall assume that the following conditions are obeyed for the three 

polarization 4- vectors of photons e, js] 



ti ■ ki = 



Q -pi 







(7) 



where i = 1, 2, 3. In this work pi = (m, 0) and we can choose = (0,£i), where £i are the 
three unit-norm 3D-vectors. 

Now, by applying the conditions, Eq.([7]), and using relation ab = 2{a ■ b) — ba, where a 
and b are the two arbitrary 4-vectors, one finds 



{Pi — ki + m)eiu = —kiEiU + ei{—pi + m)u = —kieiu 



(8) 



since {pi — m)u = 0, where u is the electron bi-spinor. Analogously, since = v{p2 + m), 
where v is the positron bispinor, we can simplify computations of Eq.(jl]). Finally, for the 
M321 matrix element one finds 

M321 = -A321 ■ v[e3k3e2kiei]u + 2^321(63 ■ P2)v[e2kiei]u (9) 

= A321 ■ ^J[2(e3 ■ P2)e2^iei - e3k3e2kiei]u 

In the case of the (ij7)— diagram the analogous expression for the Miji matrix element takes 
the form 

Miji = Aiji ■ v[2{ei ■ P2)ejkiei - eikiejkiei]u (10) 
where i ^ j ^ I = (1,2,3) and 

_ 1 

~ ^{Pl-h){p2-h) ^^^^ 

The conjugate amplitude M*-i is 

M*.; = Aiji ■ u[2{ei ■ P2)eikiej - eikejkieilv (12) 

The expression for the | M p value is reduced to the sum of the six matrix element 
M*jiM32i, where = (1, 2, 3). The analytical formula for the M-*;M32i matrix element 

averaged over the initial electron and positron states can be written in the form 



M*,M32i = A,iA32i ■ Biji = ^^^f (Bi - m^B2) (13) 



where 



and 



Bi = 4(ei ■ P2){e3 ■ ^2)^1, - 2(e, ■ p2)Bib - 2(63 ■ ^2)^1, + Bid (14) 



B2 = 4(e, ■ P2){e3 ■ P2)B2a - 2(e, ■ ^2)^26 - 2(63 ■ ^2)^2^ + ^2^ (15) 
where the explicit expressions for the eight traces Bik and i?2fc {k = a, c, d) are 

Bia = Tr[p2eikiejpie2kiei] , B2a = Tr[eikieje2kiei] (16) 

Bib = Tr[p2eikiejpi€3k3€2kiei] , S26 = Tr[eikieje3k3e2kiei] (17) 

Bic = Tr[p2eikitjkieiPie2kiei] , B2C = Tr[eikiejkieie2kiei] (18) 

Bid = Tr\p2eikiejkieiPie3k3e2kiei\ , B2d = Tr[eikiejkieie3k3e2kiei\ (19) 



Thus, the problem of three-photon annihilation of the electron-positron pair at arbitrary 
energies of the colliding particles is reduced to the analytical computation of these eight 
traces. The explicit formulas for all individual traces, Eq. lITBl) - Eq. (fT^ . as well as for Biji 
can be obtained directly from the author (some restrictions may apply). 

The formulas given above correspond to the case when the polarizations of all photons 
(i.e. ej, i = 1, 2, 3) are known. If this is not the case, then in the formulas presented above 
one needs to compute the sums over polarizations of all final photons. Below, we perform the 
polarization summation using the standard replacement ^^=0 3 ^m'^^^'^'' ~ ~9i^iy However, 

the last condition in Eq.(I7]) (e,; ■ pi = 0) which can contradict such a replacement. Following 

I. 

the procedure developed in [8| one finds that there is no contradiction in the electron rest 
frame. This means that the standard replacement X]a=o 3 ^l^^^^i^^^ = ~9ij.i' can be used in this 
study to perform the polarization summation. 

After computing all traces summed over photon polarizations, the explicit expression for 
the M*jiM^2i value is written in the form 

for (i, J, I) = (1,2,3) and Diji denotes the resulting traces computed for each of these cases. 
The explicit formulas for Diji are 

Di23 = 32m^[2{h ■ hf + {ki ■ p2){h ■ Pi) + {h ■ Pi){h ■ P2) + (fci ■ h){2m' - pi ■ pa)] (21) 

Di32 = 32m2[(A;i • h){k2 ■ Pi) - {k, ■ p2){Ak2 -k^ + k^-pi- 2k2 ■ P2) + (A^i ■ Pi){-k2 ■ k^ (22) 

+ k2 ■ P2) + {ki ■ ^2) (^3 -Pil + iki- k2) {pi ■ P2)] 

D213 = 32m2[-(A:i ■ A;2)(fc3 ■ pi) + {ki ■ p2){k3 ■ Pi) + {ki ■ pi){k2 ■ k^ - k^ ■ P2) (23) 

- A{ki ■ k2)ik3-p2) + 2{ki ■ P2){k3 ■ P2) + {ki ■ k3){k2-pi+Pi ■ P2)] 

-D231 = Q4:{ki ■ P2) [{ki ■ pi) {-m^ - 2A;2 ■ A;3 + ^2 ■ + ^3 ■ P2) - {ki ■k2 + ki- k^) (pi ■ P2) (24) 

+ {ki ■ P2){k2 ■pi + k3-pi + 2pi ■ P2)] 

D312 = 64(A;i ■ k2)[m'^ + 2^3 ■ Pi{m^ + ks ■ P2) + 2m^{pi ■ P2) - {k^ ■ P2){m^ + 4pi ■ P2)] (25) 

D321 = -128(fci ■ P2) [{ki ■ P2) {k3 ■ pi) + (A;i ■ pi) [n? - k^ ■ P2) - {ki ■ k^) {k^ -pi+Pi- P2)] (26) 

In actual computations the sum (M123 + M132 + M213 + M231 + M312 + M321) ■ M321 must be 
multiphed by an additional factor (= degeneracy factor) 5" = || = |. This factor is needed, 
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since the final state in the case of three-photon annihilation contains three identical photons. 
This means that the | Mfi p term from Eq.([T]) is represented in the form 

I Mf, |2= i(Mi23 + Mi32 + M213 + M231 + M312 + M321) ■ M321 (27) 

Now, we want to obtain the explicit formula for the cross-section of the three-photon 
annihilation. First, consider the computation of the following auxiliary integral 

/= / P^P^P^5\p,+p,-h-k,-h).fih,k,,h) (28) 

J LLO\ ILO2 ^<^3 

where f{x,y,z) is an arbitrary, in principle, function of three variables x,y and z. The 
3D-integral over the is reduced to the following four-dimensional integral with the use of 
the relation (see, e.g., [7|) 

^= / d%6ik, ■ k, - 0)Q[ik,)o] (29) 

where G(x) = 1, if x > and zero otherwise. The notation (6)0 means 0-component of the 
four- vector b. With the use of this formula the expression, Eq. fl28|) . takes the form 

/(Pk d^k 
^^^^5[(Pi +P2-ki- k2f]Q{Ei + E2~uJi- UJ2) ■ fiki,k2,pi+ P2 - ki - k2) 

= ^ J uJiduJidQidQ2 J ^^2di02f{h,k2,Pi+P2-ki-k2)6[{pi+p2-ki-k2Y] (30) 

= ^ j uiduidVtidVt2 j uj2dL02f{ki,k2,pi+P2-ki-k2)S[m'^ + EiE2-pi-p2 

- {El + E2){uji + UJ2) + 001UJ2 - ki • k2 + (ki + k2) ■ (pi + P2)] 

where a = Ei + E2 — uji{> 0). The total number of variables in this (final) formula is five 
(5 = 9 - 4) as expected. 

In our present case pi = (m, 0), i.e. Ei = m and such a substitution simplifies all following 
formulas. In particular, for the auxiliary integral / one finds 

di = '-uiduidnidn2 ■ F . T'^'^'^V (^ + ^^V^+IP^I"^7Qi (31) 

8 (m + E2+ I P2 I cos B2 + cui — uji cos W12) 

ft, 

uJidcuisinQidQid(j)isinQ2dQ2d(l)2 



rn? + mi?2 


- (m + £"2)'^!+ 


P2 


U)l COS 61 


(m + E2+ 


P2 


COS 62 + UJi 


— UOi COS '^12Y 



where | P2 |= \/ E\ — and notation F stands for the function / from Eq. (!30|) which also 
contains all mentioned substitutions for the k-^ and 002 variables. The notations 9i and 62 



mean the two angles between the positron and first and second photon, respectively. The 
notation \l/i2 designates the angle between the two photons (photons 1 and 2). Computation 
of the cos^^2 value is performed with the use of addition theorem for spherical harmonics 
(see, e.g., [gj) 

cos\l/i2 = COSQ1COSQ2 + sinQisinQ2Cos{(f)i — ^2) (32) 



= COSQ1COSQ2 + sinQisinQ2C0S(l)iC0S(/)2 — sinQisinQ2sin(f)isin(/)2 

The following integration over four angular variables does not present any difficulty. 

Now, by using the explicit formulas Eq.([S]), Eq.([n]) and Eg. (1211) - Eq. fl^B]) one can finish 
these calculations and obtain the final formulas for the cross-section of the three-photon 
annihilation. The complete formula which contains all terms is extremely complicated. In 
'act, its derivation has been made with the use a symbolic algebra system, such as Maple 
lo| . Here we want to illustrate our calculations only for one term in | M p. Calculations 
of other five terms are almost identical. Let us present the final formula for the differential 
cross-section of the three-photon annihilation. In the electron rest frame one finds from 
Eq.(l6l) and Eq.^ 

da _ mc^i (47r)^ I ^ |2 + mE2 - {m + E2)uji+ \ p2 \ uJiCosQi ^^^^ 

duJidQidQ2 (27r)^ E2 \ v \ {m + E2+ \ P2 | cos 62 + cui — ui cos \I^i2)^ 

where \ M \^= |(M*23 + M*^^ + ^213 + ^231 + ^312 + ^321) " ^321- For simplicity, consider 
only the first term Mj*23 ■ M321 (analysis of other terms is very similar). For the ■ M^2i 
term one finds from formulas presented above 

M*23M321 = Au3 ■ A-i2lDu3 = ^ (34) 

where 

Q = 2[ki ■ {pi +P2- ki~ h)]^ + {h ■ p2)[pi ■ {pi + P2 - h - ^2)] + {h ■ pi)[p2 ■ {pi (35) 

+ P2-ki- h)] + (2m^ -pi ■P2)i[ki ■ ipi+P2 -h- h)] 
= 2ujl[m + E2- I P2 I cosQi - UJ2 + UJ2 cos'^ 12]"^ + mui{m + E2 - ui -6^2) (-£^2- I P2 I 00562) 
-|- muilrn^ + E2m+ \ p2 | UiCosQi— \ p2 | a'2Cos92 — E2{uJi + UJ2)] + niu}i{2m — E2){m + E2 

- I P2 I UJ2COSQ1 + UJ2 COS \l'i2) 
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and 

R=[Pi- {Pi +P2 - h - k2)]{p2 ■ ki){pi ■ ki)[p2 ■ (pi + P2 - h- h)] (36) 
= rm?' E2Uj\{m + E2 — uji — 0^2) + rnE2 — E2UJ1 — E2UJ2+ \ P2 | uJiCOsQi+ \y>2\ ^2 cos 62) 
where the function uj2 is 



rn? + mi?2 


- (m + E2)u}i+ 


P2 




m + E2+ 


P2 


COSQ2 + ^1 


— UJi COS \&12 



^2 = ^ , , I ^ I ...o , , ■ 77^17^?^ (37) 



and I P2 1= \/ E2 — m? . Note that all these formulas contain only five variables already 
mentioned above cJi, cosBi, C0SB2 and cos'^ 12 (i.e. 0i and ^2). The same conclusion is true 
about the five other terms in the formula for the | M p factor in Eg. (1391) . Formally, after 
the integration over these five variables (cJi, cosOi, C0SG2, 0i and ^2) the final expression 
(total cross-section of the three-photon annihilation of the (e~, e"'")-pair) is the function of 
only one actual variable lp= ^1 where 7^ is the Lorentz gamma-factor of the incoming (= 
fast) positron. The well known Dirac's formula for the total cross-section of the two-photon 
annihilation of the (e~,e^)-pair also depends upon the positron gamma-factor 7^ only, if it 



is written in the electron rest frame 



The formulas given above allow one to describe and determine the angular and energy dis- 
tribution of the photons emitted during three-photon annihilation of the electron-positron 
pair (= (e~, e^)-pair). Our results are obtained in the electron rest frame. The energy 
of the incident positron E2{= Ep) can be arbitrary. The analytical expression has finally 
been derived for the differential cross-section of three-photon annihilation of the electron- 
positron pair. It is shown that such a cross-section is an explicit function of the five variables 
{uJi, cosQi, COSQ2, 01 and ^2) which describe three-photon annihilation of the (e~, e+)— pair. 
In fact, our formula for the differential cross-section of three-photon annihilation of the 
electron-positron pair can be simplified even further, since it contains only four actual vari- 
ables (tui, cosQi, C0SQ2 and 0i — ^2). In our next study we want to consider the four-photon 
annihilation of the (e~, e"*")— pair. 

A. The non-relativistic limit of the differential cross-section 

Let us obtain the explicit formula for the differential cross-section da^^ at non-relativistic 
energies of the colliding particles (or positron in our case). First, note that in the non- 
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relativistic limit one finds for tlie U2 frequency 

_ + ■mE2 - {m + E2)uJi _ {m + E2){m - cui) 
{m + E2 + uji — uji cos \[^i2)^ m + E2 + uji — uji cos 

In other words, in tlie non-relativistic limit the U2 frequency does not depend any photon- 
positron angles Oi, (pi and/or ©2, (p2- However, it explicitly depends upon the inter-electron 
angle cos \E'i2. 

The final formula for the differential cross-section of the three-photon annihilation is 
written in the form (in the electron rest frame) 



duJidQidQ2 71"^ I V 



+ mi?2 


- {171 + E2)uJl + 


P2 


bJi COS ©1 


(m + E2+ 


P2 


COS ©2 + UJi 


— uji COS ^1^12)^ 



M \' • r r ' "^'^zz^^ (39) 



' (M123 + Mi32 + M213 + M231 + M312 + M321) ■ M321 ' 



D • 87r"=m"'7p | v | d[cos^/i2) 

where | M 1^= (M^^^ + Mi*32 + M^^g + M^gi + Mg^a + MI21) ■ M321 (the factor | has been 
moved in front of Eq. fl39l) ). Now, consider the non-relativistic limit of the da^^ cross-section. 
In the non-relativistic limit we can integrate over all angular variables, but one (\E'i2)- This 
gives us an additional factor Stt^ and the formula, Eq.( l39l) takes the form 

2g6 2g6 

^^^37 = — r \M\^ dui- |-^rf(cos ^12) = —-r, — r I M |2 duJidu02 (40) 

bni'^ I V I a(cosWi2) om"^ | v | 

where the expression a'3 = 2m — uoi — uj2 must be used everywhere in the | M p factor. The 



Such a coincidence 



formula Eq. fl40l) essentially coincides with the expression (89.14) from 
will be exact, if we can extract an additional factor 4 from | M p. 

The final step in computations of the non-relativistic limit for the cross-section da^^ is to 
obtain the exphcit formula for the | M p= (M123 + M132 + M213 + M231 + M312 + M321) ■ M321. 
From the non-relativistic relations ki + kj = 2m — ki one finds that ki ■ kj = (2m — ki)"^, 
where = (1,2,3). Now, we can find the analytical expression for the m^(Mi23 + 

M132 -|- M213 + M231 + M312 + M321) ■ M321. For instance, the formula for the first term (i.e. 
for the m^Mi23 ■ M321 term) is 

m^Mi23 ■ M321 = "1 2 2 ■ 64"^'^ 4(m - 6^2)^ + uJiUs + m{m - U2) (41) 



4(m — UJ2) + ujiuj-i + m(m — U2) 



The derivation of explicit formulas for other six matrix elements Miji - M^2i is also straight- 
forward. In turn, the known formulas for these matrix elements allows one to obtain the 
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non-relativistic limit of the differential cross-section of the three-photon annihilation of the 
(e~, e+)— pair. 
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